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entropy production

The inevitable increase of entropy: one way ticket.
There is only one problem: how fast

The second principle of thermodynamics gives us a stone-solid truth:
the entropy will ever grow. But, as Loschmidt has noticed to
Boltzmann, only in the average. Probabilistic return to the initial
state, with full restitution of the entropy is always possible because
the equations of mechanics are invariant to time-reversal. But it has

very low probability.
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1 Preliminaries

Carnot ’s principle (1824): No heat engine operating between the sametwo
temperatures can be more efficient than the reversible one.

Ql — W (WOI‘k) — QQ

William Thomson (Lord Kelvin): the efficiency must have an universal

form
p=1_1 (13)
f (1)
with f (1) = monotonic and increasing function of 7.
15
1=y
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This was then introduced by Clausius: a functional of the thermodynamic
state of the system, entropy, such that for two states we have

b
d
Sb—Sa:/a 762

The PATH of integration only consists of equilibrium states (which means

that the path is reversible) because the temperature T is only defined for
equilibrium states, NOT for non-equilibrium states.

If however we take T' to be the temperature of the thermal bath, the states
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can be of non-equilibrium and we have

Sfinal > Sinz’tial

Notions: Macrostate characterized by macrovariables (intensive and exten-
sive = scale with V' or N).

Microstate. Boltzmann introduces the distribution function f and consid-
ers the collisions, with its conservations (momentum and energy)

fh=11

which suggested already that f must be an exponential function of the energy
of the particle. He defines the H-function

HE/dwflnf

and the H-theorem



This statement is true in terms of probability (i.e. on the average).

What is the number of microstates corresponding to a given macroscopic
state.

E = Z&i

N
W = number of microstates=

[1(n!)

and we find that the ratio .
_ T

fi=~
is the frequency with which a particle is in a phase-space volume dw; with
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energy ;. Using Stirling approximation of the factorial In N!~ NIn N — N

1

Nanz—Zfilnfi

Planck

S=—-LklnW

Einstein criticised the combinatorial calculation of W (as a multiplicity)
and supported the probabilistic interpretation.

2 The example

A simple application

g—{+V-Vf+(—ng+vx6ZQ)

of

L=



An expansion around a state of equilibrium
f=ro (1 +f )
and definition of the bilinear functional
KKMﬂ:—/ﬁ%fC@)

The functional K is the rate of irreversible entropy production. To see this
one takes the definition of entropy

S:—/ﬁ%fmf

take the time derivative, replace the time variation of the entropy with only
the explicit time dependence (no convection - it does not increase entropy),

followed by an expansion if the small f,

0S

2-6



we obtain
S = —/d?’r fC ()
and this is expressed as a sum over products of currents and forces.
S = / & C (f) [vAl 4 evAy — fuds
where the drive is expressed in terms of gradients

It results as |
S = — (AlF + AQQ) — AsJ

where I', @ and J are currents (fluxes) of mass, heat and some other quantity.
The currents (I,,) are expressed as a linear combination of of the forces A,,,
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then

S=-35LA ==Y A LunAn

the extremum |
0S5 =0

is then used to transform the relationships between the fluxes (currents) and
the driving forces (gradients), L.,, , into an equation for the distribution

function, f.
This effectively means the calculation of the diffusion coefficients.

Close to the equilibrium (remember we expanded f) the behavior is that
of a minimum rate of entropy production.

Equal strength have the arguments for the maxximum rate of entropy
production, in special circumstances.

Our basic idea is:
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The system evolves according to the maximum rate of entropy production
when it approaches the equilibrium. The system wants to reach equilibrium as
fast as possible

When the equilibrium is reached the system reacts according to the principle
of minimum entropy production. The system wants to preserve the equilibrium

The entropy gives information about the irreversibility and the disorder.

Regarding the irreversibility:

the system has an increase of the number of possible microscopic states that
correspond to a given macroscopic state. For example the system is placed in
contact with a thermal bath (let us say: a gas, or the molecules of a solid).
The number of degrees of freedom now involved : system + thermal bath is
very large. The measure of this irreversibility is the increase of the number of
degrees of freedom involved, or, equivalently, the number of microscopic states
that are now available behind the macroscopic state. This is the increase of
entropy.
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This example is actually the usual notion of dissipation by friction. This
is an irreversible process and the entropy has increased.

Regarding the disorder:

the energy transfered from the system to the thermal bath is now located
in many thermal fluctuations of the molecules. A representation of this fact
would be the distribution of energy on elements of the spectral space (on
spectral intervals). A certain amount of energy can be found on almost any
spectral interval. equivalently, we say that many spectral elements are involved
in the motion. This is disorder, as opposed to the situation where the energy
is located in only few spectral elements. The entropy is a measure of spreading
the energy on many degrees of freedom.

We conclude that

dQ
08 = =

should not be interpreted in the sense that the income of heat increases the
entropy and the outflow of heat leads to decrease of the entropy:

2-10



the mnflow of heat leads to increase of entropy only because more degrees
of freedom are involved in the microscopic motion. They will almost never
correlate such as to transfer back the enerqy they received.

and the fact that we take heat from a system leads to decrease of the
entropy is actually due to the fact that the number of degrees of freedom is

reduced.

For example:

suppose we have a system consisting of many particles that are bouncing
between two perfectly reflecting walls. The particles are not colliding since
their trajectories are simply perpendicular on the two walls. Suppose we give
energy to the system of particles and in consequence they begin to move faster
than before.

There is energy coming to the system but there is no increase in the disorder
or in the number of degrees of freedom. Normally the entropy should not grow.

The morality: this is NOT' a statistical system.
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The expression of entropy for a gas of n moles

SanvlnTzo +71Rln¥O
where O, is the molar heat capacity at constant volume.

We have a recipient where there is a wall separating two volumes, V, and
Vp. In the first volume there are n, moles of the gas and in the other there
are myp moles.

The experiment consisting of removing the wall between two cavities of

volumes V,, and V}, at the same temperature leads to the increase of the entropy

by
V;fot ‘/tot
AS =ny,R1 R1
n n v + nptrin v
and for
N N Va Va

r = — — = p—
Ng + Ny Ntot Va + ‘/b ‘/tot

AS = —niiRjxlnx — (1 —x)In (1 — x)]
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Then: what about the change of entropy when vapor of water are mixing
in the dry air volume?

3 The contrast between low rate of entropy
production and the sudden change of the pat-
tern of flow.

The production of entropy is specific to thermodynamic systems that are in
non-equilibrium state.

For non-equilibrium states the rate of production of entropy has the same
role as the thermodynamic potentials for the equilibrium processes.

For systems that are not too far from equilibrium state, the rate of entropy
production is lowest compatible with the constraints.

For a system that is far from equilibrium, there is the possibility of a sud-
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den transition in which a large amount of entropy is released. But the final
flow pattern of the system may be highly ordered, i.e. of lower entropy. The
example is the first bifurcation of the Rayleigh-Benard system (from conduc-
tion to convection in regular cells). The new configuration produces entropy
at a higher rate than before: it is a dissipative structure.

For oceans: the irreversible processes are viscosity and the diffusion of salt
and heat.

4 (Generalities

There is a difference bteween the two meaning of the entropy (or at least of
the two utilisations of the notion of entropy)

1. the meaning associated with order. This is what is invoked to derive the
sinh-Poisson equation and has also been used by Schubert et. al. The
statistical aspect is emphasized and the number of microscopic states

2-14



is explicitely calculated and next is extremized (maximized) with con-
straints. It is invoked by Chylek Lesins vertical distribution of
entropy production that the atmosphere is ordered: zonal flows. This
- we note - is related to one of the meanings of the entropy

2. the second significance is associated with exchange of heat by radiation
gain, radiation loss and by transport and by dissipative effects. Here
the entropy is just another member of the family of thermodynamical
variables. The deep statistical significance (and origin) of the concept
entropy is not necessary here.

For example of mixing of the meanings, we note the statement from Chylek
Lesins that it is necessary to identify the sources of negative entropy in the
atmosphere: this is because we know that with the heating from the earth
surface there is input (a stream) of positive entropy and - since we know that
the atmosphere is organized - we need a flow of entropy outside or a flow of
negative entropy inward to the atmosphere.
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But: we underline: the order of the zonal flow and the order in the at-
mosphere are related to extremum of entropy arising from an evaluation of the
number of internal microscopic states for given external parameters (macro-
scopic state); while, on the other hand, the exchange of positive or negative
streams of entropy are simply related to the heat and dissipations and trans-
port, thermodynamic processes that by themselves are not able to reduce the
number of microscopic states corresponding to the macroscopic state and so
to drive the system toward order.

The loss of energy by cooling does not lead necessarly to order: the energy
is scaled but the number of states may not decrease. Then the system has
globally lower energy but does not necessarly has more order.
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5 Entropy in climate models

5.1 Entropy budget

The certitudes; the dissipative mechanisms.
The controversies: which are those mechanisms?

5.2 Vertical structure

(Li, Chylek, Lesins) ” The irreversible processes are accompanied by positive
internal entropy production”.

The system absorbs energy in the form of heat, with a certain content of
entropy. This increases the degree of internal disorder of the atmosphere.

On the other hand, the flows of the atmosphere show a high degree of or-
ganization (zonal flows, vortices). This would be impossible if the atmosphere
have just accumulated entropy.
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It is necessary to exist processes by which the atmosphere eliminates the
entropy ( processes with negative entropy, or, an outflow of entropy).

The atmosphere

e absorbs solar radiation: this is an input of low entropy

e radiates energy in the longwave spectrum and this is large outflow of
entropy

It seems that this imbalance makes possible the organization of the flow.

The specific radiative entropy intensity of the blackbody radiation

B, (T)

dL, (T) T
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where B, (T') is the Planck blackbody radiation function, 7" is the temperature
of the blackbody, v is the frequency of the emitted radiation

2hv3 1
L,(T) = 5 T
AT | exp (5r) — 1

kT 1 hv
hv P kT
Integrating over the spectrum

L = / L, dv
0

where o is the Stefen Boltzmann constant and U is the radiative energy inte-

2-19



grated over the spectrum.

Another expression of the spectral distribution of the specific radiative
entropy intensity is obtained by first introducing I,, =specific radiative energy
intensity. Then the specific radiative entropy intensity as function of the
specific energy radiative intensity, J, (I,), is

2kv? [ 21, A1,
J,(1,) = 1
(1) c [2hu3 . (2hu3>

L 21, (14 21,
— n
2hv3 2hv3

The equation of transport of the radiative energy intensity I, is

(n-V)I, =—k, 1, +1,

The spatial decay is given by the extinction coefficient and 7, is the source.
This was for radiated energy.
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For the radiated entropy, we have
n-V)J, =—k,J, + 7,
with the source term

jl/ = jl/ ([1/7/[:I/>

having the expression

, I 2k1? i, | A1, . i, (14 21,
/ 2 |2k, -\ 2h8 2h13k, 2h?
The radiative entropy flur is a vector resulted from the contribution of

the radiative entropy intensity J, integrated over the solid angle and over the
spectrum

H = dQ/ J, ndv
47 0

Returning to the general thermodynamical context, we identify for each
system two sets of variables:
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e extensive variables, like volume, magnetization, etc. The flux associated
to an extensive variable is a current, Y.

e intensive variables, like pressure, etc. They are conjugated to the exten-
sive variables and are denoted a;.

The total entropy flux is

With the flux of entropy Y and the explicit time variation of the entropy
content (S is the volume density of entropy) of the system we write the entropy
balance equation

S
StV Y=%3

where X is the source of entropy. The density of entropy is separated into
a matter part and a radiation part. The convective variations contain diver-

2-22



gences of the two fluxes, specific for each

DS, I\ 9Sred B
W*V(T)* SV -H=%

For the energy the balance is

0 0
. T — (Fsun + Flow +Fe) =0
where
Feun | = | solar radiative flux
Fi, | = | longwave (infrared) radiation
F, = | convective flux of energy

The current of energy density J has only z component in the 1D model
and only the convection is present. This means the replacement

()2
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and the entropy balance becomes

%+F2(l)+laFC
ot ‘0z \T T 0z
0Sraa OH
or 0z
=>

The radiative energy transfer equation is simplified to a 1.D model, by con-
sidering a diffusive transfer and introducing a diffusion coefficient 1 normalised
to the density p.

For the infrared radiation

oI,
'uﬁz N

—k, I, +k,B, (T)

where the source i,, has been replaced with the Planck function B, (1) multi-
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plied by the coefficient of spatial decay k,
iy — kB, (T)

The equation that is obtained in this way can be solved and the solution is [,
the radiative energy intensity. This solution, I,,, and the source i, = k, B, (T)
are replaced in the expression of the source j, for the ENTROPY radiative
intensity J,. We are interested in the regime where the z variation of the

radiative energy fluxr I, is vanishing, which means that the divergence is zero.
Then the solution simplifies to

I, =k,B, (T)

and this will be used in the expression of the source j, of the radiative entropy
intensity J,,. Then in the 1D model the equation becomes

0J,
H 0z

= —ky,J, + kyL, (T)
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This is the equation for the current of radiative ENTROPY intensity and
can be solved

To,v — Tv
JJ (7_1/7 :LL) = L, [T (7_0,1/)] exXp (_ & 10 )

Ty d / /I y
n / v 1T (7)) exp (—Tv 7 )
0w

o,v ’LL

for the upward flux of radiative entropy and

Ty d / I ,
I () = [ LT e (<)
0

for the downward flux.
The optical depth



and the constant 79, is defined as

7v (20)

zo = surface height

T0,v

The transmission function is

Using the solutions for the current of radiative entropy intensity JIV (7, 1)
and replacing the diffusion coefficient by an effective value it is then possible
to calculate the fluxes of radiative entropy by integrating the current .J, over
the solid angle.

H} (r,,7) and H} (1,,7)

Further the flux of radiative entropy is introduced in the equation of bal-
ance of entropy, taken at stationarity, i.e. with all explicit time variations
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vanishing

OH o (1 1 OF,
= 0z F&( )+f82

5.3 Horizontal structure

The study of the atmospheric entropy gives information about the irreversibil-
ity in the climate system.

The variation of the entropy must consider two components: matter and
radiation.

The time change of the entropy is convective

0m | . (£> TLLTN Y

ot T ot
where
J = heat flow
H = entropy flux for the radiation
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8A8

V=erg ey
and 10 B
f_g A .
v °r2 or (T )+89’r608989 (cos 6-)
where 0 is the latitude. Take
sinf = x
0 1 1/2 0
— 8, — — (1= 2 7
V= ear+eeRo( x) ox
10 1 0 1/2
T — B 2 .
v err2 or (T )+89R0 ox [(1 v ) }

One then considers the content of internal energy in the matter and in the radi-
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ation

oU.
Zm T.J
ot TV
8U7“ad T
- F
+ 5 +V
= 0

where F' is the total radiative energy flux.
There is the classical connection between the variation of the entropy and the

variation of the internal energy (Gibbs)

0Sy 10Uy,
ot T Ot
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The convective change of the entropy is

aSra,d i 1 8U7“ad
o Y Mo

1
+J.- V' (—) (change due to thermal conduction)

1
> = — TVT -F  (all terms are for radiation)

T

Integrating over the vertical (radius) coordinate in spherical geometry

1,
o= — redr X
RS J R,
This represents the total change of the entropy of a volume of the atmosphere
having a conical shape (due to sphericity) and having a unit surface at the
base.
Other quantities resulting from radial integration

I
Srad = ﬁ/ redr Srad
0 Y Rgp
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Uy = —= r2dr U,,
R g, ’
1 [
h=— [ r?dr V' -H
RO Ry

1 [F

— 2
Ry J R,

This is transferred from equator to the pole by conduction

J r?dr J the total flux of thermal energy

j=—-DVT (the Fick law)

The radiative energy flux is

1,
f = —== redr V' - F
RS Jg,
R;
- —tpt_FY
Rj



where
R' = radius at the top of the atmosphere

and
F' = net radiative energy flux at the top of the atmosphere

FY = net radiative energy flux at the surface

It then results that the meaning of f is
f = net trap of radiative energy flux by the column of atmosphere
The follwoing expression is used
f=1(x,T)—QS(z)a(xs,x)

where
I (z,T) = net outgoing infrared radiative energy flux

and
QS (x)a(xs,x) = net incoming solar radiative flux
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where

1
1 X solar constant

Q
]

S (x) = mean annual meridional distribution of the solar radiation
a(xs,x) = co-albedo
x = sin (latitude)
rs = line of ice

The radially integrated (over the atmosphere column, with sphericity included) di-
vergence of the total radiative flux of entropy H is

Then the convective change o of the entropy of matter 4+ radiation, integrated over
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the radius, is

To this equation one must add the energy conservation

ks +f+V-j=0
ot
where C' is the heat capacity of the atmosphere.
These equations are solved at stationarity.
The stationary production of entropy by thermal conduction (with diffusion co-
efficient D) from the higher temperature regions to lower temperature regions is

maximum in the middle latitude region.
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Vertical profile of production of entropy (Li, Chylek, Lesins)
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FiG. 3. The vertical distribution of the internal entropy production
rate corresponding to the condensation term, X, for the Tropics.

= * T T T *
0 20 40 60 80
Entropy Production Rate (10K Day '/K)

FiG. 5. The vertical distributions of the internal entropy production
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Horizontal production of entropy (Li, Chylek, Lesins)

15 June 1994
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5.4 More than radiation - convection: dissipation due to
moist phase changes

Frictional dissipation in a precipitating cloud. Pauluis. Difficult to use the
entropy constraint, in this case.

Take the works of Pauluis. The budget of entropy of the atmosphere in
radiative-convective equilibrium is a balance between the entropy sink due to
the differential heating of the atmosphere and the entropy production due
to dissipative processes.

The irreversible processes:

e frictional dissipation
e irreversible phase changes (evaporation of water vapors)
e diffusion of heat

e diffusion of water vapors
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there is also entropy increase associated with the energy cascade from larger
scales tosmaller scales (where the viscosity is able to suppress the motion con-
verting it into heat). Pauluis finds that the frictional dissipation is substan-
tially larger than the turbulent cascade.

This requires comment: the cascade generates entropy only if there is no

reversed tendency to produce self-organization by inverse cascade: this means
we are in 3D and NOT in 2D.

Pauluis compares two processes:

e the radiation and convection equilibrium with production of entropy by
dissipation and diffusion of heat

e the changes of states of aggregation (transition of phase) : the convection
carries water vapors that are condensed and the precipitation falls. The
problem is to decide if the water (vapor, liquid, precipitation) is part of
the system.
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The balance of energy involves

Qrad | — | radiative cooling of the troposphere

Qsens | — | flux of sensible heat at the surface

Qiat — | flux of latent heat at the surface

with the relation

Qra,d _|_ Qsens + Qlat — O at equﬂlbl"lum

The mechanical work is done by the pressure force

W = / dST p@ka
vol

and exists because of non-incompressibility

V-V #0
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or, air expansion.
The dissipation is

D = D,+ Dy

Dp
Dy,

precipitation dissipation

spectral cascade

with the balance
W —-D,—D,=0

For moist air one introduces the quantities
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qt — | fraction of total liquid present in a volume

Qv = | fraction of water vapor

Chpd = | specific heat at constant pressure for DRY air

Dd — | pressure of the DRY air

C = | specific heat of liquid water

R, and Rg; | — | gas constants for vapor and for dry air

g _p . relative humidity, ratio of water vapor pressure
Psat and the saturated vapor pressure

with these quantities one expresses the entropy density

s = (1—q)(CpoalnT — Ryglnpg)
+C]tCl InT

Qv Ly
T

+ —qoR,In H

Several conclusions:
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e molecular diffusion is negligible

e sensible flux loss due to detrainment is much smaller than the heat flux
due to radiative cooling

e the sensible heat flux at the surface is smaller than the radiative cooling
(for moist convection)

Irreversible entropy production by condensation of a mass of M water
vapors 1s

pr irreversible entropy increase

p’U,SCLt due to condensation and re- evaporation

— / d>r Jv,2Iy In P irreversible evaporation at the surface
p’u,sat

Condensation is reversible and precipitation is NOT reversible.
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Conclusion of Pauluis:

the kinetic energy of the convection is decreased due to frictional dissipa-
tion induced by precipitation, diffusion of water vapors and phase changes.

The irreversible production of entropy for moist air is due to dissipation
and change of phase

D D
5SS = k; P +6S,. which means:
d

diss.cascade + diss.precip.induced .
= — + irrev.entropy phase-changes
eff.temp. dissip
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6 The connection between entropy and order
for Hluid systems

6.1 Theory of point-like vortices and the statistical ap-
proach

According to Joyce Montgomery (Journal of Plasma Physics, 1973)
The physical quantities describing the two-dimensional fluid dynamics are

1 = streamfunction
v = velocity
we, = vorticity (perp. on the plane)
with the equations
v = —Vy xe,
w = Ay
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The formal solution of the last equation, connecting the vorticity and the
streamfunction, can be obtained using the Green function for the Laplace
operator

Ay yG(z,y;2y") =0(x —2")o (y — o)

where (2/,1) is a reference point in the plane. Then the Green function has
the explicit expression

G(z,y;2',y) = G(r;r)
1
= —In(r—1r
S (jr )
after a normalization of the distances in plane by the length of the side L of
the square domain.
Using the Green function for the laplacian in the plane we invert the equa-
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tion relating w and v :
Yy = //dx’dy’G(r;r’)w(r’)

_ // daz’dy’% In (Jr — t'|) w ()

Consider now the discretization of the vorticity field w (x, y) in a discrete set
of 2N point like vortices each carrying the elementary quantity wq of vorticity
which can be positive or negative

W; — :|:w0

N vortices with the vorticity + wy and

N vortices with the vorticity — wg
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The current position of a point-like vortex is (x,y) at the moment ¢. The
total vorticity is

2N
= Zwi5($ — ;)0 (y — yi)
i=1
from which we derive the streamfunction solution by inverting the Laplacian
2N
Ay (z,y) = szfs(w — ;) 0 (y — i)
i=1
w —

AW
Y = //da:’dy’iln(\r—r’\)w(r’)

= //dazdy—ln \r—r\sz 0 (y" —ui)
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or o )
¥ (r) = sz‘% In (Jr — ;)
1=1

The velocity of the k-th point-vortex is

Vk — — vw|r:rk >< 62
- Wi D) €.
o 2Tk -y
or
2N
dzxy, (k) L yr — v
_— p— v = — Wi
dt v ; 27 vy — 1y
2N
Ay (k) 1 xp—a
— = v, = W
i ’ ; 27 |ry — 1y



It is possible to define a Hamiltonian

2N 2N

H = %Z Zwiwj 1Il<|I'Z' — I'jD

i=1 j=1
i<j

and the two conjugated variables are

() =k (i) )
g ) =y sign ()

We NOTE the difference in sign compared with the text of Joyce Mont-
gomery. The reason is that the original paper was about electric charges
and the relationship between the Laplacian of the electric potential ¢ and the

electric charge density p is
1
Ap=——p
€0
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while in the case of the vorticity - streamfunction the relation is
A = w

END note.

6.2 Statistical approach

The ensemble of point-like vortices is treated with statistical methods.

Consider the explanation given by Joyce Montgomery.

The Hamiltonia system defined above has a finite phase space. This is
because the two conjugated variables are coordinates of the point-like vortices
and they evolve on a limited region in plane, a square with side L. The area
of this square is the volume of the phase space for a single vortex.

It is defined the phase-space volume per unit interaction energy (so-called
structure function) and its integration over the energy of interaction between
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the minimum (—o0) and a current value E is

<1>(E>E/E QO(E')dE’

— 0
is a function of E that increases monotonically from 0 to the maximum value

I (x| £?)

k

when the limit of integration E varies between —oo to co. Then it asaturates
to a constant when E — oo. This means that the derivative of the function
¢ (F) first has an increase and then a decrease, or

4 (F)

o has a maximum somewhere between — oo and oo

say at E,ax. This means that the second derivative has a zero at E\,.x. Or,
the second derivative is just the derivative of the structure function Q (FE).
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For a statistical ensemble with fixed total energy FE(y the entropy and the
temperature are defined as

S = klnQ(Ey) + const
11 dQ(E)
kT Q(Ey) dE;

As said above, beyond the value of the maximum FE,,., the derivative of the
structure function is negative. This means that

for E > F,.x Wwe have T' < 0

6.3 Negative temperature in the statistical system of
point-like vortices

General statistical treatment for a system for which we can specify the energy
E; of the discrete set of states it can have.
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(Recommended Isihara Statistics Book).

Z = Z exp (—fF;) partition function
i

1
U = - Z E;exp (—pE;) average energy

F' = —kT In Z free energy

OlnZ OlnZ
= — — T2
v ( 53 )V ( o1 )k

F=U-TS free energy
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S = t
€ntropy
T P

_ ! Kaan) kT2 +k:Tan]

_ Kaan>T+an]

0

For the discrete set of point-like vortices (recommended paper Edwards
and Taylor).

The distribution is microcanonic which means that it is specified exactly
the energy E of the system

distribution = p(x;,y;)
p(zi,yi) = 6(E—H{xsy))
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It results that the volume of the phase space where the energy is less than F

¢ (E)
and the statistical weight
dg
Q(E,V,N) = —
(B, V. N) dE

/5 (B — H (z4,y;)) d2

The entropy is
S(E,V;N)=InQ(E,V,N)

1 (98
T \OE),y

()
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The statistical wight can be calculated after writting the explicit form of
the Hamiltonian

2e;€e;
H = ). (_ ; j>ln(|l‘i—rj\)
1<J
H {ZCZ', yz} — Z €;€j In T4

©,J,17]
This two expressions, compared, explain the meaning of adopting the coef-
ficient 2 in front of the plane Coulomb interaction (which is always possible
since [ is arbitrary). Ome can transform the sum over distinct pairs (i,j),
i < j, into a sum over all pairs, i.e. counting two times a pair, (i,7) and

(7,7) but dividing by 2. The second form has a sum which only excludes the
selfinteractions ¢ = j. This will be useful when one calculates sums like

Z Zeiej — —Ne?

A
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where IV is the number of positive charges and also the number of negative
charges.
Then

dA
Q:/Hdri %exp AN | B+ Z e;e;Inr;;

050,47

An important step is to extract the dimensional scale from the variables
{x;,y;} which represent the positions of the particles in plane, over which
the integrations [[ dr; are to be calculated.

r— 'V

V2N . €;€;
Q) = o /Hd’rg dhexp [\ | E + Z 5 InV + Z eiejlnr;j

1,J,47] 1,J,47]

In addition one takes into account that the number of positive and of negative
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charges are equal and that the magnitudes of the charges are the same. Then
Z e;e; = —N e?
0,J,17]
where N is the number of positive vortices and also the number of negative
vortices.

It results

V2N Ne?
) = . d\ exp z)\E—z)\—an Hdr exp | A Z €;€; lnr

1,],0#]

At this point the equation of state can be derived using the definition of
the thermodynamic quantities

62
PV =2NT (1 - —
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and shows that there is a critical temperature
1

T. = —¢*
2

below which the pressure becomes negative.

The temperature is

As noted by Montgomery the treatment of Taylor 1972 has introduced
in the functional integral a constant term that represents the energy of inter-
action between all vortices if they are indefinitely close. This term is infinite.
When this term is not included the result is even more explicit:

the statistical temperature of an ensemble of wvortices i1s NEGATIVE as
soon as the energy of the system s positive

E>0 — T<0
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This shows that for any configuration of point-like vortices in motion (i.e.
with positive energy) the temperature is negative and the system evolves to
self-organization.

6.4 Derivation of the equation for the asymptotic or-
dered states

It has been made the discretization taking an elementary 2D interval denoted
o. (In the notation of Joyce Montgomery it is used the notation A).
The entropy that is used in the theory of statistical mechanics of point-like

vortices is the In of
W= N GNZ-Jr I olN,
h H N AL N
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The quantity W represents (Huang statistical) the volume occupied in
the space of all states of a system consisting of N particles distiguishable by
the distribution function f corresponding to the occupation numbers {n;}.
It is equal to the number of ways to distribute N distinguishable molecules
among K cells such that there are n; of them in the cell 2.

N!
nl!ngl...nK!

The following formulation: @n every element of surface there are positive
and negative vortices

NT # 0
N~ # 0

and there is no possibility that in an element of surface of the plane one of
them to be absent.
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Montgomery obtains

InN;" +at =8> ATH(N - N;7) =0
J

and similar for —.

N ;“ N, = const

The two equations

In N;” +at +Bz¢ij (Nj+ N Nj_) —

J
DN, +a” —BY ¢y (N —=N;7) =
J
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are obtained variationally under the constraints

E > 0, const
ZN,;L — N = const

2 N7

and the proves that one obtains in SA the same equation sinh-Poisson even if
one keeps non-zero total energy. The condition to obtain sinh-Poisson is the
equality of the total number of positive and negative vortices.

We can find the multiplicity (but now there are 2N particles)

N = const
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an:ln{N!HiV]?} {N'H?V]\:}

i .

InW2(NInN — N)
+S YN Inoc — N;"InN;" + N

¢ entropy
+N, Inoc — N, InN,; + N, }

> N;"= N =const
> N, = N =const

The two kinds of particles represent fluid rotation

N4 clockwise

N_ counterclockwise

and
Ny = exp|—a+ F B (7))
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In the statistical theory it is not necessary to have
N_|_N_ — ].

The equation for the density of point-like vortices is

1l e

Ap = ol [ny exp (—eBy) — n_exp (+efy)]

This equation is derived under the condition
B <0

There are constraints that the total number of positive and negative vor-
tices are equal

N+ /d3r exp (Fefy) = N (the same for both N4)
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and ,
A2 = —25%\/N+N_
€0

the equation is

A1) 4+ A sinh () = 0

The negative temperature
T <0

is introduced by

N\ =
KT

In the paper of Book it is also discussed the reason for the existence of so
many solutions. This is found to be related with the large number of extrema
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of the entropy
S = InW =20F

= -5 —F
€~ Ny

where W is the probability of the configuration. Then for fixed energy E
W = Wyexp (—const)\z)

where
const > 0

The configurations with low A\? have higher probability, entropy, energy.

7 (My) Conclusions

e The principle of maximum rate of entropy production is TRUE
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e The principle of minimum rate of entropy production is TRUE

We need to dissociate the classes of regimes where one of them is applicable.

Close to equilibrium (like in SOC) minimum rate.

When one offers to the system a large number of degrees of freedom (equiv-
alently: many possibilities to get a microscopic configuration compatible with
the macroscopic one) : maximum rate. Ex.: mixing of components, like mixing
of gases; diffusion; direct spectral cascade of energy in 3D.

Serious problem: coexistence of

e increase of entropy, the system is triumphally marching toward irrecu-
perable disorder

e instauration of high order, coherent flow.

Where does one end up and begins the other?
Can-we mix these tendencis (see recent proposals in oceanography).
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8 Beyond conclusions: Connection with the Self-
Organization at Criticality (SOC)

Application of the Bak-Snaeppen model and the Information Entropy
The BS model may be useful since it consists of sequential allocation of
random numbers for a quantity in the point and in its surroundings where

that quantity is minimal.
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entropy production 3

Regulation of the moist convection (Raymond 1995)
In the tropical oceanic atmosphere, only the boundary-layer is

subject to instability. If we assume that there is fast adjustment such
as to get quasi-equilibrium, we need to explain how effectively the
instability developing in the boundary layer is suppressed by
convection. A possibility: reduce the equivalent potential temperature
in the boundary layer. (With the conservation of the vertically
integrated enthalpy of the atmosphere).

Raymond: 6. and r; evolves through a succesion of relaxation
processes, controlled by the surface fluxes, within the convective

layer. The latter is the defined by the height at which a
non-entraining surface parcel reaches the neutral buoyancy.

The relazation is toward the saturated values, 0., and 7.

The convection is controlled by the difference in the buoyancy

F. Spineanu — Reading 2013 —



entropy production 4

between the boundary layer parcel and the environmental air just
above the boundary layer. Therefore there is a threshold which is
manifested as a value of the equivalent potential temperature §2"7es,
The system makes oscillations such that the boundary layer is forced

to remain close to the threshold value for convection.

The budget of entropy in the boundary layer

8(9619 0(9619
Y + (up - V) Oep + we 5,

= (J.p mean radiative tendency of 0.

F
—|—$ surface flux/depth of the boundary layer

Here

W, = entrainment volume flux

which means the volume per area per time at which the boundary
layer incorporates the immediately overlying air. This has the

F. Spineanu — Reading 2013 —
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dimension of velocity

m
We| = —
we] = -

The derivative is approximated

001 R 00y
w w
© 0z “ b

where

00, = decrease of 0, across the top of the boundary layer

The mean radiative tendency of the equivalent potential temperature

1S era

F. Spineanu — Reading 2013 —
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where

)y = radiative heating rate

d_@
dt rad

where 6 is the potentail temperature, 6, = the potential temperature

evaluated at the boundary layer.

The surface flux of 6, is

Fes — CdUe (596)

Od ~ 10_3
596 = Hes,s — Heb
Ue = \/\uh|2 + w? = effective wind speed

F. Spineanu — Reading 2013 —
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6’68, s = saturated equiv. pot. temperature at the sea surface

The definition of the threshold.

The threshold equivalent potential temperature for convection

chreshold
e

is the minimum value of 0., for which an ascending parcel can pass
through the stable layer just above the cloud base.

Soundings.

A boundary layer parcel experiences a small region of negative
buoyancy between 880 and 950 mb, with positive buoyancy above.
(See picture from Raymond).

Little or no buoyancy exists for parcels above the boundary layer.
(Therefore if we want to trigger convection we can restrict to the
boundary layer).

F. Spineanu — Reading 2013 —
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The dominant role of the boundary layer

: : : —
28 Nov 1992 15 Dec 1992
50 |- ' Small Comli {500 |- | Squall Line
60 } I
M {700 L
800 | {8m L
L 1 o0 r
b(x,y.t) 1000 1000
88,  Boundary Layer 005 0.00 0.5 0.5 00 0.5
pres (mb) vs buoyancy (w/s"2) | pres (ub) vs buoyancy (w/s™2)

FiG. 5, Buoyancies of undilute 1000-mb parcels for the soundings

Fic. 1. Sketch of idealized boundary layer of depth b(x, y, 1). The shown I Figs, 3 and 4, The buoyancies inclode the virual omper-
ifti ] Iri L and the dif- ature effect and the weight of condensed water, which is assumed to
hftmg SHLRAG kel ot l?oundary layer- s L : be carried with the parcel. The negative area near 930 mb is roughly
ference between boundary-mixed-layer equivalent potential temper- 01T kg-" forthe 28 November caseand7 1 kg™ for the 15 December
ature and the air immediately above is 66, case.
Boundary layer (Raymond 1995) Buoyancy (Raymond 1995)
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The dominant role of the boundary layer (cont)

\\[ I\\ T ‘ﬁ ﬁr T ‘-‘j_‘ l_‘T-..L-“

50 . Elect.ra Soundmg i S =
50 | -
550
600
650
700
50
800
850
900
950
1000 -
1050 o N R T

320 325 330 335 340 345 3%0 355 360 365
pressure (mb) vs theta-e (K)

Fic. 3. Sounding by Electra aircraft, flight 4 of TOGA COARE,
28 November 1992. The left curve shows equivalent potential tem-
perature as a function of pressure, while the right curve shows satu-
rated equivalent potential temperature. The dashed lines are contours
of potential temperature at 5 K intervals. The line B-LCL-C shows
the saturated equivalent potential temperature of an ascending surface
parcel, while the line A—C shows the equivalent potential tempera-

ture of this parcel.

The equivalent potential temperature

(1)

UL T T S N B

50 . Electra Soundmg~ T
500 N 247 erc 15 December 1992 ]
B0 L s 9T )
600 P
650 |
700 [
0 L
800 [
s |
0 oo
% L
1000 fn..
1050 L% :

320 325 330 335 340 345 350 355 360 365
pressure (mb) vs theta—e (K)

FiG. 4. Sounding by Electra aircraft, flight 15 of TOGA COARE,
15 December 1992. (See Fig. 3.)

The equivalent potential temperature

(2)
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An example of threshold value of the equivalent potential

temperature
ethreshold ~ 350 K
e

The energy barriers were

0.7 J/kg or, in a different case,
7 J/kg

The energy barrier is translated into minimum vertical velocity of the

parcel. The minimum vertical velocities in the two cases are

1.2 m/s and, in the other case

4m/s

Corresponding to these values of the vertical velocity, the horizontal

F. Spineanu — Reading 2013 —
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values were

2 m/s and respectively

8 m/s

which shows that there were large differences in eddzies.

The convective deficit defined as

_ pnthreshold
I pr— 96 - er

The threshold equivalent potential temperature for convection can be
approximated by the saturated equivalent potential temperature

averaged through a layer just above the cloud base.

F. Spineanu — Reading 2013 —
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Sugestion: self-organized criticality may be the concept adequate

for the state before major convective events

F. Spineanu — Reading 2013 —
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13

Conclusions
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