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The transverse spreading of magnetic field lines in a turbulent plasma is
investigated analytically in order to obtain a statistical characterization at
large spatial scales. We develop a functional-integral method that allows us to
calculate in a systematic way statistical averages of physical quantities that
depend on the fluctuating field. The known magnetic diffusion coefficient for the
shear-free case is corrected with a term arising from the assumption of a finite
transverse correlation length. For the case with magnetic shear the functional
method provides the appropriate framework for a perturbative approach based
on diagram series.

1. Introduction
Studies of electrostatic and magnetic plasma turbulence are a major part of

the effort dedicated to understanding plasma transport and confinement. In
some cases empirical expressions for the transport coefficients can be found such
that satisfactory reproduction of experimental data can be obtained through
numerical simulation. However, a phenomenological picture of transport
processes can only be obtained through investigation of the basic diffusive
mechanisms at a microscopic level. The complexity of this problem necessitates
development of a wide variety of methods, and it is known that, although for
the weakly nonlinear regime of plasma instabilities an analytical approach is
possible, the regime of fully developed turbulence is much less accessible to such
treatment. In particular, previous studies of magnetic turbulence have largely
been based on qualitative comparisons between various length or time scales
arising in the problem. Consequently, the results are frequently relevant only
for small spatial scales, i.e. they are local from the point of view of the extension
of the confinement region. There are at least two fundamental reasons for
attempting to go beyond this level: (i) bundles of magnetic field lines perform
very large spatial excursions, and (ii) the turbulence is not homogeneous, i.e.
the local characteristics vary significantly over the spatial region of interest.
These considerations necessitate an extension from local to global scales of the
analysis performed on the basis of qualitative and intuitive arguments;
however, this problem has proved to be in general very difficult.
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In- this paper we propose a functional-integral approach to the study of the
statistical properties of ensembles of trajectories (in particular magnetic field
lines) in a turbulent plasma.

The functional formalism has previously been proposed as an appropriate
analytical framework for performing statistical averages in non-trivial cases
(Spineanu & Vlad 1988). It was argued that, for quantities that are naturally
defined as functionals of a random configuration, the statistical ensemble must
be regarded as a space of functions and the average should be performed by
functional integration with an appropriate measure. There are numerous cases
where this approach is imposed by the non-trivial structure of the statistical
ensembles (as for plasma instabilities or for dynamical systems), but in general
it is difficult to provide an expression for the functional measure. In this paper
a class of problems is investigated for which the measure can be determined
explicitly. We use a general procedure previously used in the study of a
Fokker-Planck equation describing ion heating (Crew & Chang 1988). The
method developed by Crew and Chang is essentially an explicit determination
of the functional measure.

The functional method is briefly described in §2. In §3 the simplest example
- that of one-dimensional diffusion - is presented for illustrating the general
framework of this approach. Sections 4 and 5 present the analysis of magnetic
field turbulence in cases without and with shear respectively. The results
obtained are discussed in §6.1, while some technical aspects of the application
of the functional method are commented upon in §6.2. Finally, §7 presents our
conclusions and suggests other applications.

2. The functional formalism
If a system is affected by random fluctuations, the interesting physical

quantities describing its evolution are obtained by statistical averaging.
Usually, there is a fluctuating parameter that induces the random behaviour of
the system and consequently of the functions denning the state of the system.
In order to perform the averaging of a particular function, we must specify the
range of values of the random parameter and the relative frequency of its
values, i.e. we need a statistical description of the basic random process. For
example, for a real one-dimensional stochastic variable X, the essential
characteristic is the distribution function P(x) of its values x, taken in a
specified interval of the real axis. Using this, we may perform averages of any
particular quantity given as a function of X, F(X):

(F) = \F(x)P(x)dx. (2.1)

The average is thus obtained by integrating over the statistical ensemble of
realizations of the fluctuating quantity X, with the measure P(x) dx.

If the random parameter is infinite-dimensional (i.e. if it is a function X(t)),
the range of values is a space of functions. Accordingly, the integration must be
performed over the space of functions that represents the statistical ensemble
of realizations of the random parameter, with a functional measure that must
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characterize the probability of various functions. In this way, we can calculate
averages of functionals F[X(t)] by

J= JD[x(t)]F[x(t)]. (2.2)

The random function has been denoted by X(t), and we shall often call it a
trajectory. Thus the term 'trajectory' denotes a particle orbit or a magnetic
line — but also a more general configuration. On similar grounds as for (2.1), the
functional measure is expressed as a product of two factors:

D[x(t)] = 9[x(t)]®[x{t)], (2.3)

where ^[x(t)] has the meaning of functional probability of the trajectory x(t),
i.e. of a realization of the random variable X(t). The measure ^[a;(<)] can be
defined starting from a discretization of the trajectory X(t): {x(}, where x( = X(t()
(i = 1, ...,N), ti = (i— I) At. As in the calculation of quantum propagators by
the method of Feynman path integrals, the points xt of the trajectory are
considered as independent random variables. This implies that the function X(t)
is made to cover the functional space by allowing each point xt to vary
independently over the set of real numbers. The measure can be written as

\2>[X(t)]... = l im n I " d x t . . . . (2.4)

Obviously, the essential problem in any application is to determine the
functional probability of a trajectory, &[X(t)]. In more general terms, the
meaning of (2.2) is that statistical averages of a physical quantity that depends
on the configuration of a system can be calculated by functional integration
over the space of configurations that the system acquires for different
realizations of the random parameter. Actually, (2.2) is more powerful than a
simple equality, and is more than just a computational method. This is revealed
by the numerous cases where the structure of the space of configurations of the
system is not trivial. The most typical examples can roughly be divided into
two classes. In the first class the statistical ensemble contains families of
configurations of different topologies, i.e. subsets that cannot be connected to
one another by continuous topological deformations. For example, a particle
can have trapped or passing orbits. In the second class the statistical ensemble
may contain exotic trajectories that are isolated from the bulk but can make an
important contribution to the integral: long jumps in the web stochastic region,
'Levy flights', etc. In this case the replacement of the usual statistical averaging
by a functional integration is imposed by the necessity to include in a
quantitative manner the special structure of the statistical ensemble. Of course,
while in the majority of cases the structure of the functional space is 'smooth'
and can be described by smooth measures (e.g. the Gaussian measure), in some
special cases the most difficult problem is to implement the physical description
of the non-trivial configuration in an appropriate expression for the functional
measure. In the following problems unconventional configurations will not be
present, but the measure can, of course, be non-Gaussian.

We shall use a procedure that introduces the probability functional in a
constructive manner, starting from the equations of motion defining the
evolution of the configuration. Since they contain a fluctuating parameter, they
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are stochastic equations. It is not implied that this procedure can lead to
explicit solutions of the stochastic differential equations. This is a difficult
objective, and we content ourselves with obtaining approximate forms of
statistical quantities.

Previous applications of functional methods have been closely adapted to
specific problems of plasma theory, and this seems to suggest that the best
presentation of the method is obtained with a particular application. This will
be done in §3, which treats in this framework the simplest example: diffusion
due to white noise. However, in view of the wider range of applications of the
functional method, it is worth emphasizing its essential structure.

In the following we outline briefly the main steps of the functional method.
The basic object of the theory is the probability density functional P[x(t), k(t)]
defined on the product of two spaces of functions. The first argument of P
belongs to the space of all possible trajectories. The choice of a value x(t)
corresponds to a particular realization of the ramdom parameter present in the
problem. The function k(t) arises from the identification, through Dirac delta
functions, of a particular trajectory x(t) from the set of all possible trajectories.
At any t, k(t) is the variable in the Fourier representation of the Dirac function
that picks out the corresponding x(t) belonging to the specific trajectory.
Formally, k(t) plays the role of a conjugate functional variable for x(t). In the
more general context of renormalization theory (Martin, Siggia & Rose 1973;
Jensen 1981), k is introduced as an operator having specified commutation
relations with the field variable (Krommes 1984, and references therein).
Knowing P amounts to knowing the functional measure, and allows calculation
of functional integrals of objects of the type F[x(t)], depending on the
configuration x(t). This means that the practical use of P imposes a functional
integration over the product of spaces of functions x(t) and respectively k(t).
Although this is very difficult in general, it turns out that in this case the form
of P permits the application of the stationary-phase approximation. This
transfers the problem to the determination of the functions x(t) and k(i) that
extremize a functional (which plays the role of the ' action' and is expressed as
the integral of a 'Lagrangian'), i.e. to the solution of a system of
Euler-Lagrange equations. Functions that are close to the solution of this
system make the most important contribution to the integral of a given
functional F.

In the simpler, but rather common, case where the Lagrangian is a quadratic
functional of x(t) and k(t) the above integration can be performed explicitly if
F is composed of monomials in x and k. This is accomplished by exploiting the
analogy with field theory, i.e. introducing a generating functional W such that
any product of powers of x and k (each calculated at certain instants of time)
is obtained from the formal expansion of W. If the Lagrangian does not depend
quadratically on x and k, the higher-order part is treated perturbatively by the
method of Feynman diagrams.

This method gives integrals of functional of the trajectory over a specified
space of functions. It is necessary, in order to have physically meaningful
results, to give a particular structure to this functional space, i.e. to make it
coincide with the statistical ensemble of realizations of a fluctuating trajectory.
This is implemented by using the statistical characteristics of the noise that is
the source of the fluctuating character and is responsible for the structure of the
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ensemble of realizations. Furthermore, it is necessary to obey some unavoidable
rules for matching the physically meaningful operations and/or quantities with
the language of the functional method. This connection will be made explicit in
the concrete examples treated below.

3. One-dimensional Langevin equation with white noise
In order to emphasize the basic aspects of this method, we start with the

simplest case, i.e. we shall examine the one-dimensional diffusion obtained as
the solution of the Langevin equation with white noise (see also Crew & Chang
1988):

t'). (3.1)

Here x is the co-ordinate of a particle and ij(t) is the random velocity of the
particle after each collision. For simplicity, an arbitrary trajectory is sampled
at discrete instants of time tt (i = 1, ...,N), at which the position of the particle
is given by the set of points {x1,x2, ...,xN}. At the same instants t{ the values
taken by the noise are v^) (i = 1, ...,N). From an arbitrary ensemble of sets of
points {x(}, the one that obeys the Langevin equation is picked out by a product
of Dirac functions:

8(x1-v(t1))...S(xN-v(tN)). (3.2)

The probability of a specified trajectory is introduced as

0>\_x{l)\ = lim <8(±i-ri(t1))...8(xN-7i(tN))y, (3.3)
N-KXI

with the average taken over the statistical ensemble of realizations of the
random function r)(t). Using the integral representation of the Dirac function,
we obtain

/ f N dk ( N 1 \
P[x(t)] = lim ( n ^ e x p -i S H±,-VM\). (3.4)

This can be written in the form

| j* ^ (3.5)

where ©[&(£)] is the functional measure, & is a functional of the trajectory x(t),
obtained by performing a functional integration on the space of the functions
Jc(t). x(t) and k(t) are the variables of the probability-density functional
introduced by the definition

- t l dtk(t)[x(t)-7,(t)]\). (3.6)

The cumulant method gives here the exact result

[ cT i / r cT

-i\ dtk(t)x{t) (exp \ i \ dtk(t)ri(t)\
Jo J \ L Jo

= e x p \ - i f dtk(t)x(t) exp - | dt dt'k{t)k(t')(7j{t)7j{t')}\. (3.7)
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Replacing <?/(<) ?/(0) = 2Dd(t — t'), with D — const, we obtain

( i |P = exp(i| dlSn, £e = -kx + ik2D. (3.8)

Since in applications P is used to calculate averages, i.e. functional integrations
over both x(t) and k(t), the notation is made uniform

(3.9)

(3.10)

In this particular case the Gaussian form of the action (see (3.8)) allows explicit
integration over the functional variables k(t) and x(t). However, we shall use the
stationary-phase approximation, since it is appropriate for the treatment of
more complicated forms of the Lagrangian. This method can be applied because
the action has very large variations when it is calculated on neighbouring
trajectories. This can be seen by making a change of variable kD-^-k', which
gives

-^ Jo

D contains, in general, the average of the square of the fluctuating field, and in
most cases, it is a small quantity. The integral is a finite quantity having a
smooth variation on neighbouring trajectories, but this variation is greatly
amplified when divided by D.

The most important contribution to the functional integral comes from the
trajectories for which the action S = J^ dt Z£ is stationary. These are determined
by the Euler-Lagrange equations:

(3.11)

| T 2 = 0 (3.12)

whose solution is }¥1 = 0, T2 = 0. (It can easily be seen that the use of other
initial conditions does not change the physical result.) Trajectories close to this
one will make the most important contribution to the functional integral.

The method provides averages of functionals of the trajectory, over an
ensemble of realizations of the trajectory, taken as a whole as a stochastic
variable. In particular, it gives averages of products of various components of
the stochastic variable W, each taken at a specified time. In order to develop a
systematic procedure for the derivation of these quantities, we use the analogy
with field theory (Abers & Lee 1973) and introduce the generating functional
w[jy.

I dtJ(t).V . (3.13)

Then the desired averages are obtained by functional differentiation with
respect to the appropriate components of the current J, calculated at the
specified time. It is clear from (3.13) that differentiation with respect to Jt{ts)
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gives ^tfts) in the integrand of the functional integral. The resulting expression
is normalized, and the perturbing current is then set equal to zero:

(3.14)
J-0

This procedure requires the introduction of a new Lagrangian L, which contains
the interaction of the ' field' *F with the perturbing current J:

. (3.15)

The Euler-Lagrange equations now become
x¥1 = 2iDxV2 + J2, (3.16)

% = -Jx. (3-17)

The solution of this system is written in the form

= [ Alk(t,t')Jk{t')dt', (3.18)
Jo

with i = 1,2 and summation over repeated indices. The solution is obtained
simply by integrating (3.16) and (3.17), and the functions Aik(t,t') (the
propagators) are then easily identified. For example, on integrating (3.17), we
get

= - \ dt'Jtf) = - I i«'0(*-«Vi(O.
Jo Jo

i.e. A21(t,t') = -d(t-t'), (3.20)

where 6 is the Heaviside function: 6{x) = 0 for x < 0 and d(x) = 1 for x > 1. We
observe that *F2(0

 a l s o n a s the expression

W2(t) = I dt'Jl(t')= f dt'dit'-t)^'), (3.21)
J J

i.e. A21(t,t') = d(t'-t). (3.22)

These two forms for the functions A are similar to the 'retarded' and
'advanced' Green functions appearing in wave-propagation problems. The fact
that the variables x and k are conjugate Fourier variables suggests a systematic
procedure for calculating the propagators A. This consists in calculating the
physical variables like x with the retarded propagators and the conjugate
variables k with the advanced ones. This rule leads to the following expressions
for the functions A:

t)], An(t,t') = d(t-t'), (3.23)

A2l(t,t') = d(t'-t), A22(U') = 0. (3.24)

The following symmetry relation holds:

Aik(t,t') = Aki(t',t). (3.25)

Since the trajectories that make the most significant contribution to the
functional integral are in the neighbourhood of T'0', we make a Taylor
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expansion of the action S around this function: *F = Y<0) + ¥ . On inserting this,
the expression for S naturally separates in a part containing the current J and
a part consisting of the functional integral of the function T. The latter is not
important in the calculation of the averages, according to (3.14), and will not
be written explicitly. This result holds for any Lagrangian that is quadratic.

We then have an expression for the generating functional:

= exp | j

U*| dt\= expU*| dt\ dt'J^A^tJ')^')]. (3.26)

We are now in a position to calculate functional averages. In order to obtain
significant physical results, we must express the interesting physical quantities
as functionals of the stochastic trajectory. For example, a quantity like
x(ta) — x(tb) is a functional of the trajectory that passes through x(ta) and x(tb),
and can be calculated using the above procedure. In particular, if we take the
point x(tb = 0) = <a:(<6)> = 0 as the remote, deterministic position on each of the
trajectories, the dispersion of the points x(ta) an be calculated:

= ([x(ta)f}. (3.27)

Using the functional derivative, we express this average as

% % Li

exp[y[[dtdf Ji{t) W,t')

(3.28)

From this simple example, several points are worth mentioning. Since the
functional method relies on the analogy with field theory, the physical picture
may not be so evident in this language. In particular, as seen above, the average
found by functional integration is not related in a simple manner to the usual
statistical average. However, since there is no risk of confusion, we shall use the
symbol of averaging with its twofold significance: that of statistical averaging
of stochastic quantities and that of functional integration using the probability
density functional.

On the other hand, all basic elements of the functional method are already
present in this example. The following applications will make this procedure
more precise.

4. Diffusion of magnetic field lines: shear-free case
We consider a spatial region with uniform magnetic field lines oriented along

the z axis. This equilibrium state is perturbed by small-amplitude transverse
(x,y) fluctuations of the magnetic field. We intend to obtain a statistical
description of the asymptotic (large-z) behaviour of the magnetic field lines.
When the small-scale turbulence may be related to the microtearing instability
around a resonant magnetic surface in the tokamak geometry, the description
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of the large-z spreading of the magnetic field lines is relevant to studies of heat
and particle transport, loss of runaways, etc. In the collisionless case the
statistical behaviour of test particles is the same as that of the turbulent
magnetic field.

In the absence of shear, the equations of a magnetic line are

dx
— = bx(x,y,z),

-£ = by(x,y,z),

(4.1)

where bt = BJB0. The particle motion in this fluctuating magnetic field, in the
collisionless case, is described by the same system of equations (4.1), assuming
the relation z = v^t (where v^ is the constant parallel velocity of the test
particle). In the following calculations z and t play the same role, but we shall
mostly use the notation based on t in order to reveal the similarity with field-
theory methods and, in particular, with the steps followed in §3. The main
difference from the previous example is the dependence of the noise bi on the
point on the trajectory. This necessitates that we calculate the correlation
(second cumulant) of the noise with the co-ordinates of the current trajectory
as the arguments of bx and by (the Lagrangian correlation). It is obvious that
inserting the formal solutions of (4.1) into these arguments will reproduce the
correlations of the field, as well as higher-order correlations, yielding an infinite
hierarchy as in fluid turbulence or in ordinary statistical mechanics. The same
situation arises if we start by expressing the correlations of the fluctuating
trajectory displacements, using these formal solutions and the Fourier
representation of the field b. Usually, after the correlation has reappeared, a
closure approximation is introduced and this relation is treated as a closed
nonlinear equation for the correlation. Various regimes (ballistic, exponential
and diffusive) are identified for the average relative behaviour of the trajectories
(Misguich & Balescu 1977, 1982; Balescu, Misguich & Nakach 1992).

This nonlinearity of the problem is fundamental and cannot be avoided.
However, it is a purely local problem when the mean-square deviation of the
trajectory is not large, i.e. for small-amplitude magnetic turbulence. Although
the various regimes can be implemented in our formalism through appropriate
expressions for the correlation of the noise, we shall consider only the local
diffusive regime since we are interested in the large-z behaviour of the lines. We
have treated this nonlinearity by means of an iterative method. For this simple
problem, it was possible to find an exact expression for the Lagrangian
correlation. Following the same reasoning as in §3, with the difference that the
fluctuating motion is now two-dimensional, we introduce the probability-
density functional

p = 6iswt).»(o.*x(O.*,(O) = expfz r JSP eft]

= exp jt P [ - kx(t) x(t) -ky(t) y(t)] dt\ exp [ - i f T dt df kt k}(v\ bt bA

(4.2)
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We have to calculate

expf-frf \Tdt f dt'[kx(t)(bx(x(t))bx(x(t')))kx(t')
I Jo Jo

+ ky(t) (by(x(t)) by(x(t'))> ky(t')}}. (4.3)

We must find expressions for the field correlations, and this is easier to do using
the Fourier representations of the fields (a = x, y):

<ba(x(t))ba(x(t'))y

= _ L rdkxdjfc

= _ L (dk,dk
(2?r)*J bub .

Several reasonable approximations have been used to derive this form (Balescu
et al. 1992): The magnetic fluctuations on x and y are considered independent,
so their cross-correlations do not appear in (4.3); the average in (4.4) is
factorized into the average of the product of the Fourier components 6k and the
average of the exponential in which the trajectory appears (this is related to the
Corrsin approximation; Corrsin 1959) finally, the second cumulant has been
retained. We assume that the spectrum of the magnetic fluctuations has a
Gaussian shape in both the perpendicular and parallel directions (Balescu et al.
1992):

<M-k> = (2^)-|A||A
2

l/S
2exp(-|A;f Af-ifciAi). (4.5)

The other averages in (4.4) are determined using the formal solution of the
stochastic equation (4.1):

<[x(t)-x(f)T> = »f jJdt.dt . ibMt^bMt,))} , (4.6)

<[y(t)-y(nf> = «f f
t'Jr

Thus the Lagrangian correlation of the fluctuating magnetic field is the solution
of the system of equations (4.4)-(4.7). We have adopted an iterative treatment
of this system. As a first approximation, we take a white-noise statistical
assumption, for which the Lagrangian correlation is equal to the Eulerian one:

<ba(x(z),y(z),z)ba{x(z'),y(z'),z')y = 2D8(z-z') (4.8)

(this corresponds to A± -»- oo and Aj = 0 in (4.5)). Using this starting assumption
in (4.6) and (4.7), we obtain

<[x(t)-x(t')]*yo) = <[y(t) -y(t')fyo) = 2Dvl{\t-t'\, (4.9)

which, when used in (4.4), determines the first-order approximation to the
Lagrangian correlation of the fluctuating field:
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Integrating (4.10) according to (4.6) and (4.7), we find, for large \t —1'\ (i.e. for
vl\t-t'\p2\l),

This is a diffusive result like (4.9), but with a modified diffusion coefficient

Continuing the iterations in (4.4), (4.6) and (4.7), we obtain a series of
corrections to the diffusion coefficient whose terms are increasing powers of
2/?2A|/A2

L. The conditions for convergence is 2/?2(Aj/A1)
2 < 1. Successive

approximations to the diffusion coefficient are linked by the recurrence relation

which gives as the limit of the approximation series:

(4 14)

Thus the solution of the system (4.4)-(4.7) is

<6.(*(z), y(z), z) &.(*(«'), </(*'), *')> =

= E(z-z') (4.15)

([x(t)-x(t')f) = <[</(*) -y(t')f) = 29vx\t-t'\. (4.16)

We note that for /?2 ̂  1 and A± >̂ A,i, the iterative procedure is rapidly
converging, and a good approximation of the solution is already given by the
first iteration (4.12) if the magnetic diffusion coefficient of Rechester &
Rosenbluth (1978) is adopted in the starting assumption (4.8) (D = (|TT)3/?2A||).

Returning to (4.3), we are now able to calculate the part of the action S that
results from the correlation of the noise. We observe that the expression in
(4.15) depends only on T = \t — t'\ and that this function decays rapidly on both
sides around T = 0 (i.e. t' = t). This implies that, for any t in the interval (0, T)
except some small regions at the limits 0 and T, the integral on t' in (4.3) has
an effective contribution only around t' = t. It is then reasonable to expand the
functions ka(t') (a = x, y) in Taylor series around t' = t, i.e. to obtain, instead of
(4.3),

-t')^. (4.17)
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We first observe that the integrals over t', which multiply dkx/dt and dky/dt at
fixed t, vanish owing to the antisymmetry of their integrands. Further, at fixed
t in the first integral, we split the domain of integration of t',

and make the substitutions t' = t — T in the first interval and t' = t + r in the
second. Since the effective support of the function in (4.15) is small, we can
safely extend both integrations so that the limits are 0 and T. I t is obvious that
this procedure is valid for 0 < t < T, except for small regions near 0 and T,
which, in any case, will not be used in the computation of physically significant
quantities. Further discussion of this point is postponed to §6.1. We introduce
the notation

I(a,V)= fE(t-t')d(t-t') = f d r - ^ ^ , (4.18)
Jo

... 2Dv* 1 /»,
with a = -r^31, V =

Since arj * <? 1, we can take

W 5 ~ - (4.19)

It is also convenient to introduce the notation w = v^2I. We can now return
to the definition of the Lagrangian:

if = -kx(t)x(t)-ky(t)y(t) + io)kl(t) + i(okl(t). (4.20)

Adopting the uniform notation, we have

if = J2?PF] = -W^-Y^. + iojWl + iwWl (4.21)

The Euler-Lagrange equations are

* , = 0, t 4 = 0. J
As expected from physical considerations, the solution is XV1 = x0, T2 = yQ (x0

and y0 are arbitrary constants), i.e. any magnetic field line (unperturbed by
noise) minimizes the action. Next we have to consider the Lagrangian modified
by the 'interaction' with the current J,

X = i f + J1T1 + J2T2 + J3T3 + J4T4, (4.23)

and the new Euler-Lagrange equations

(4.24)

— ~^2- /

The solutions can be expressed in the form

(4.25)
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and we obtain the following symmetric propagators:

An(U') = 2iA[t'd(t-t') + td(t'-t)], A13(M') = 6{t-t'),

A12(t, t') = A14(«, t') = 0, A21(t, t') = A32(<, t') = 0,

A22(U') = 2iA[«'(9(«-<') + <6'(<'-«)], A24(M') = 0(<-O>

A31(M') = 6{t'-t), A32(t,t') = A33(M') = A34(U') = 0,

A42(U') = 6(t'-t), A41(M') = A43(U') = A44(U') = 0.

125

(4.26)

For further convenience we change the notation, A = w. Calculating the
dispersion of the magnetic field lines, we obtain

J-0

= 2\\-Alx{t,
% % Li

This result can be written in the usual form

<[x(z)-x(0)]>y =

(4.27)

(4.28)

where 3) is given by (4.14).
The result shows typical diffusive behaviour of the field lines, the same on

a; and y (as assumed), with coefficient 3). The numerator is the well-known
magnetic-diffusion coefficient obtained by Rechester & Rosenbluth (1978) and
Kadomtsev & Pogutse (1979). The second term in the denominator arises from
the (more realistic) assumption that the magnetic fluctuations have a finite
perpendicular correlation length A±. It is a correction of order two in the
relative amplitude of the fluctuating field.

Note that the above two examples of application of the functional method do
not contain nonlinearities that could arise from a possible space variation of the
statistical properties of the noise. Accordingly, the correlations in these two
cases, (3.28) and (4.28), have been obtained only on the basis of the propagators
of the 'unperturbed' states.

5. Diffusion of magnetic field lines: finite-shear case
We consider a magnetic configuration consisting of a strong uniform

component Bo oriented along the z axis and a much smaller (linearly varying
along the x direction) transverse component oriented parallel to the y axis. This
corresponds to the slab model, which is valid locally in the tokamak geometry,
with the reference magnetic surface defined as the y, z plane.

The equations of the magnetic field lines are

dx
— = bx(x,y,z),

dy x
= + b(X

(5.1)

where Ls is the shear length and ba = BJB0 are the fluctuating magnetic fields.
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The new feature of this case consists in the presence of a drift velocity
vdy = —x/Ls for a fictitious particle whose motion would describe, in a collision-
less plasma, the trajectory of the magnetic line. Following the same steps as in
the shear-free case, we start by defining the probability-density functional

p _

= exp \i\ dt&\
V Jo /

x exp \-fr* j j dtdt' kt(t) kt(f) <6<(x(0) &,(x(O)>]- (5-2)

As before, we write in more detailed form the part arising from the correlation
of the noise:

exp |—t^f r r dt df[kx(t) (bx(x(t)) bx(x(n)) kx(f)

+ ky(t)(by(x(t))by(x(t')))ky(t')]j. (5.3)

Again we use the Fourier representation of the fluctuating fields in order to
compute the correlations (a = x, y):

k. dh, (bk b k> /eikxl*^-*W+iky\.y^-v^ eiM*i-«a>>. (5.4)
(2TT)U X " k ~k V

We recall that z and t play the same role, being related by z = «j t. In (5.4) we
shall use the formal solutions of the equations of motion:

x(z1)-x(z2) = - dzbx{x(z),y{z),z),

dz'bx(x(z'),y(z'),z'

~ \*°dzx(Zl)- fZ!dz'by(x(z'),y(z'),z'). (5.5)
LlsJzl Jz1

In order to obtain the statistical average of (5.5), it is convenient to separate
out the deterministic part of the motion, which is determined for bx = by = 0 in
(5.1):

(5.6)
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Then we have in the second cumulant approximation

= exp I - i k y °^- (z2 - Z M ^xMzO-z^^+ilc^y^,Z2)s>

!^>e(*.(*'-^. (5.7)

We use the identity

P'dz rdz'6I(x(z'),y(z'),2')) = 2a f'dz'&^fz'J.irtz').*')- pdzzfe^z),^)^),
J zl J zl Jzl J z,

(5 .8 )

P2 P2

a n d o b t a i n {[^Zj ) —a;(z2)]2) = dz dz A(z,z), (5.9)
Jzj J Zj

Pdz r'tfe'^tz,*')}. (5-10)

Z8)]Aj/(2l>28)> = £ f'dz f'dz'^^z')
^sJz, Jz,

— f'efa \dz'z'A{z,z'), (5.11)

where

As before, we recover the correlations of the field. We apply the same iterative
procedure as in §4 in order to treat the nonlinearity induced by the necessity of
using the Lagrangian correlation in (5.2). As the zeroth order, we adopt the
white-noise assumption

A(z,z') = 2DS(z-z'), (5.12)

which gives for the averages in (5.9)-(5.11)

. (5.13)
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We can now return to the noise correlations. First, we introduce the
shorthand notation

s = -^(z1-z2), (5.14)

-z2\, (5.15)

= -—(z1-zifs\gn(zl-z2), (5.16)
L

1-z2\*, (5.17)

and consider a Gaussian spectrum characterized by parallel and perpendicular
correlation lengths AB and A± respectively:

<6k6_k> = (27i-)-i^2Ai A , e x p ( - ^ I A i - l * f Af). (5.18)

We can now obtain a more explicit form of the correlations:

dk,,dk.
* y "

In terms of physical variables, we get

fc-*4 (5-20»
The correlations depend only on |zj — z2\, which suggests that we use the variable
T = |<j — <2| = |2j —z2|/«||. As shown in §4, for small amplitude of the magnetic
field fluctuations /?2 -4 1 and AB ̂  Ax, one-step iteration already gives a good
approximation, if D = (f77-)s/?2A|| in (5.12).

We now must return to the Lagrangian, in which the magnetic field
correlations ('noise correlations') obtained above must be made explicit. For
any t1 = zjv^ of the first time integration, the domain (0, T) of the second time
integration (t2 = zjv^ is split into (0, <x) and (tltT). After the change of
variables to T = |<1 — t2\ in each subdomain, we use the fact that the noise
correlations decay rapidly, and we extend the limits of T in both integrals to
(0,7"). We obtain identical expressions in r on both sides of an arbitrary t1.
Again, the small effective width of the correlations suggests that we employ a
Taylor-series expansion of ka(t2) around tx:
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For the T integration, the first term is constant, while the second makes no
contribution since an expression symmetric in T = tx —12 with respect to t1 = t2 is
multiplied by the odd factor t1 — t2. The two identical integrals over r are

dr[G(r)pe^\ - T * | i + ̂ W ^ ^ I f , (5.22)

where

G(T) = 1 + <XT + fir2 + yr3 + 8T\ a = 2^ 2 , /? = 2o-2X26»2 + 8R\

y = 2^R2a2e2 + 2*R2(T2X*d2, 8 = ffl4o-2e2.

Here T is normalized to i/~* = 2*A||/«||, so that the above integral is dimensionless.
In going from (5.20) to (5.22), the following notation has been introduced:

R-&1, a = L , e = rk Z = ^ , 6 = IL (5.23,
Ax A± iv5 iv ivs

It is convenient to introduce an appropriate length scale L for the normalization
of the transverse displacements (for example, L can be the minor radius of the
tokamak). Accordingly, a longitudinal length scale L^ should be used for
normalizing the co-ordinate z, or equivalently the time should be measured in
units of iy||/U||. In order to simplify the notation, we chose L^ = L.

To obtain a useful expression for /, we must approximate the integrand using
the small parameters R <^ 1, e <̂  1 and X <̂  1 and adopting an ordering in
powers of R2, since this is related to the level of magnetic fluctuations and in
powers of X, because this introduces nonlinear terms in the Lagrangian. The
parameter R has a very small magnitude in most situations of practical interest
for studies of plasma confinement. The parameter X has the range of values of
the transverse length of interest (e.g. a fraction of the tokamak minor radius)
normalized to the much larger parallel length (of the order of the connection
length Rq) so that it is also a small quantity. Obviously, e is even smaller, being
defined as the ratio of the perpendicular correlation length to the shear length.
The dominant r dependence in the exponent is given by the first T2 term, the
other terms in the square brackets multiplying T2 leading to only minor
alterations of this dependence. For 0 ^ T < t1 « (2^aX6)~1 the coefficient of r2 in
the exponent can safely be approximated by 1 + «T2X2^2. Since T1 is is a large
quantity for the assumed range of X, this approximation should be improved
only for T far outside the effective support of the integrand. Then we arrive at
an expression exp[ — T2(l + <T2X262)] for the exponential, which suggests a re-
scaling of T.

For the present approach, we find it appropriate to keep only terms up to X2.
This is acceptable, since the shear length may be assumed to be large. Note that
approximations going beyond this order will introduce higher nonlinearities in
the Lagrangian. Tedious calculations give

(5.24)

with So = \n* - \v*(T2X2d2 + ...,

(5.25)
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We recall that a; is a co-ordinate of the current point on the trajectory, and
obviously depends on the variable of integration t1. The part of the probability
density P that comes from the second cumulant of the noise can now be written
as

. (5.26)

This allows us to write an expression for the Lagrangian:

<£ = - kx(t) x(t) - ky(t) \y{t) - - ^ j + iQ[kl(t) + kl(t)] [S0(X) + S2(X)R*+S,(X) R%

(5.27)

where Q = 2fi2v2 TJ~*. Further, we obtain a dimensionless Lagrangian by
normalizing the physical quantities:

t' = tV-j, K = KL (cc = x,y), x'=y, y' = l , %'=<£-. (5.28)

In the following the primes are dropped for simplicity.
The nonlinearity arising from the explicit dependence on x of the Lagrangian

correlations of the noise results in a series in powers of X2. Each coefficient can
be expressed as a series in powers of R2. The zeroth order in X2 corresponds to
the case without shear. We keep the first order in X2 as well as R2:

if = - kx(t) i(0 - ky(t) [y(t) - 6x(t)} + i[k%(t) + kl(t)} [A + TX2(t)l (5.29)

where A = /I,{\TT*-2*R2- 2%R2a2e2 +...), (5.30)

r = nd\-\TT*(T2 + 2hR2cr2-2%R2e2(Ti + ...) (5.31)

and fi = 2*R%<r-1, where £ = XJL.

Before proceeding, we make the notation in the Lagrangian uniform:

SP = -W3
x¥1-

x¥i*¥2 + dx¥i
y¥1 + iA(y¥2 + y¥l) + ir*¥2x¥2 + irx¥lx¥2. (5.32)

The Euler-Lagrange equations are
= - 6xVi - 2iFy¥2 V

2 - 2̂

— 04 '

t2 =

(5.33)

As can easily be checked, this system defines paths with no critical points. The
solution is x = *¥x = 0, y = T2 = an arbitrary constant corresponding to an
unperturbed magnetic line located in the reference surface.

The next step consists in perturbing the Lagrangian by adding a coupling
term with an ' external' current J:

(5.34)

where: J§?0 = - T 3 1 1 - T 4 1 2 + 0T4 T t + lAY* + zAT4
2, (5.35)

if, = iFV2 Y2 + iFY2 Y2, (5.36)

i. (5.37)
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The generating functional is then expressed as

W[J]= (&[>¥] e^m+i^m+isjm ( 5 3 8 )

We observe that S0 + Sj is quadratic in the functional variable *F, while Sr is of
higher order (four). We adopt the view that the interaction term «S7 can be
treated as a perturbation. The subsequent development is a perturbative
treatment of the nonlinearity introduced by SIt justified by the smallness of P.
The latter is connected with the usual diffusion and is a spatial inhomogeneity
of the correlations in the presence of shear. The following equation for the
generating functional is the starting point in the perturbative approach:

iSf [—1] f®[T]
I L**JJJJ

Since the action in the exponential is now quadratic in \P, the functional
integration can be calculated through a Taylor-series development around the
path that extremizes the action S0 + Sj. This requires that we first solve the
Euler-Lagrange equations for this action:

= J3, Y - 2 i A Y , - < W W 4 > 1 (5_40)

The solution is expressed in the form

The propagators can be identified from the solution obtained by successive
quadratures. The following results are obtained:

An(U') = 2iA[t'd(t-t') + td(t'-t)],

A12(M') = 2i

2,(«,«') = 2iKd[(t't-\t'2)6(t-t')+\ee(t'-t)l

A2i(t,t') = 2iA[t'd(t-t') + td(t'-t)]

A2S(t,t') = 6{{t-t')6(t-t')l &2i(t,t') = O(t-t'),

A31(/)<
/) = 6{t'-t), A32(t,t') = 6[(t-t')6(t'-t)l

A33(U') = 0, A34(«!«') = 0J

A41(U') = 0, &i2(t,t') = 9(t-t'), Aa{t,r) = O, A44(«,O = 0.

where one must avoid confusion between the constant 6 and the Heaviside
function 6{t-t').

As explained in §4, using this solution and the 'saddle-point' expansion, the
functional integration can be performed in

= exp USj f^jlj exp hi (dt [df Jt(t) Ay(«, f) Jtf)] (5.42)

5-2
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I

I O-
t

FIGURE 1. Basic constituents of the diagrams.

to obtain the explicit form of the generating functional. The exponential
involving the operator is developed as a series of powers of the interacting
action and applied, term by term, to the power series expansion of the
exponential involving the propagators. In our case the interaction term has the
form

CT CT
O I J j rt'p/\I^2 \Tf2 i UP2 XW2\ I Ji V C* XV W W W t K A Q\

kj r — I UiV t/L l l f l T 1 ~ P T i T , l — I U-T /j ^ M f r ; I j I j T r. I i , i t J . T r O J
I I v o x * 1/ • — IJK.L ( j ft. I' \ r

Jo Jo tkl

where CU33 = iY, G1144 = iT, and all the others are zero. Then

eH/ = exp\i \dt £ Cm

x exp | |t jdt, jdt2 WJ Aiik (tv t2) Jk(t2)j (5.44)

The time integrations are all between 0 and T, and the indices run from 1 to 4
in all the summations. The terms arising in the expansion are conveniently
represented by diagrams composed of the following elements (displayed in
figure 1):

(i) Tx is an external line and represents a current Jt{t);
(ii) T2 is an internal line and represents the propagator \iAt t (^,£2);

(iii) T3 is the vertex representing the interaction term Cijlcl.
In the expansion of (5.44), an external line Tx implies integration over the time
t and summation over i, while a vertex T3 implies integration over t and
summation over each one of the indices i, j , k and I. The result may then be
represented formally as:

xexpTfi [dt.dt, S \h(tvt2) J4 («,) J^2)l = e*eL. (5.45)
L J v* -I

The diagrammatic representation of the terms A,B,..., is given in figure 2. This
is a symbolic representation, since each type of graph represented above and
corresponding to a certain order in powers of vertex and propagators is actually
a summation of diagrams obtained by permutations from a generic one. In
addition, each term has a multiplicity coefficient determined by the com-
binatoric possibilities of placing the various factors that lead to identical forms.
The graphs with no external lines are vacuum diagrams and can be ignored.
Bearing in mind the main application, namely the calculation of the averages
of products of functions Y{ (ts), the contributions of the various types of
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GO
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E F G H

FIGURE 2. Diagrammatic representation of the terms appearing in (5.45).

<B <A

<<B

•Bo-i-
>B I

H

FIGURE 3. Diagrams of the terms retained in (5.46). The indices and time variables are
shown.

diagrams can be ordered according to the number of external lines, since each
has attached one current J. For example, to calculate averages of products of
two values of V, we must keep (to all orders) the diagrams having two external
lines. This means that (up to second order in the vertex) only the diagrams
represented in figure 3 contribute to these averages:

iSJtA(tA)iSJiB(tB)

V b

iSJAt^iSJAtz)

J-0

J-0

j-o °

(5.46)

The first diagram (L) represents propagators \ikigiA(tB,tA), which are
calculated on the basis of the dynamics of the 'unperturbed' system, i.e.
without any nonlinearity in the Lagrangian. Note from the functional
derivatives in (5.46) that this diagram represents in almost all cases a sum of
propagators that differ by permutation of the indices iA, iB and correspondingly
of the times tA,tB. The explicit form of each propagator is given in (5.41).
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The second type of diagram with two external lines (.6, the 'tadpole') is of
order one in the vertex, and its general form is

^iBi(ts,t)-Ajk(t,t)-AliA(t,tA). (5.47)

The numerical coefficient is formed with the usual factors 1/1! and 1/3!
resulting from the series development in (5.44), and with the combinatoric
multiplicity factors arising from the various ways of arranging the indices of the
operator in the index positions in the propagator. For (5.47), v = \. Further,
other numerical factors appear from the permutation of the two indices of the
first and the last propagators (owing to the symmetry property). In addition,
for any combination (ijkl) the positions must be permuted with respect to those
of (5.47). It is best to perform the later operation by the explicit construction
of terms, since these lead in general to non-identical contributions.

On the basis of calculating averages of products of the variables *F, we can
now proceed to determine physically relevant quantities. In order to simplify
the expressions, the following 'initial conditions' are used for the magnetic field
lines: x(0) = y(0) = 0. Then the diffusive dispersion of the lines can be described
by the averages

= <x(t)y(t)>, (5.48)

For each of the above equalities, the right-hand side is calculated with the
functional formalism using (5.46). The contributions from the classes of
diagrams displayed in (5.46) are considered, so that the result is an
approximation of order two in the vertex. A careful counting of the diagrams
is required, but otherwise the computations are straightforward. They are 12
diagrams of the 'tadpole' type, of which 7 are non-vanishing. Each two-vertex
diagram gives 36 possibilities, but the expressions for the propagators eliminate
some of them and also permit the amount of computation to be reduced since
many expressions are similar.

Thus, we obtain

..., (5.49)

(x(t)y(t)} = A$2 + fAlW + f i A r W + ..., (5.50)

A<+iAr<2+( |A^2+^Ar2)<3-i- |Ar^4-i- i iAr2^5+. . . .(5.51)

Of course, higher-order contributions can be calculated in the same manner.
In addition, other averages can easily be obtained using this diagrammatic
expansion.

6. Discussion
6.1. Results

The functional formalism provides expressions for the turbulent dispersion of
the ensemble of magnetic field lines. The case with magnetic shear (§5) contains
both the basic nonlinearity of the problem related to the Lagrangian



Turbulent magnetic field lines 135

correlations of the field and the nonlinearity due to shear. We have adopted an
approach equivalent to the iterative treatment of the first nonlinearity, which
is a reasonable approximation of the case of small correlation lengths. It is
assumed that, at zeroth order (in the correlation length), the magnetic
fluctuations behave as 'white noise'. Only the first order has been retained in
the examples studied above. In §4 it has been shown that, in this approximation,
the spreading of the magnetic lines is diffusive if the shear is zero. The
coefficient of diffusion is modified by a negative term that come from an
apparent shrinking of the transverse Fourier spectrum of the magnetic
fluctuations. This can be seen as the introduction of an effective (renormalized)
perpendicular correlation length that is increased with respect to the 'bare'
value of (4.5) and (5.18) by diffusion (see (5.15)-(5.17), from which p and r
enter into the integrand in (5.19)). It is shown that higher orders of the
iteration further modify the coefficient Q) by additional corrections, without
changing the diffusive character of the process. Such a decrease in the diffusion
coefficient due to a finite transverse correlation term appears to be a new result.
It can be expected intuitively if we consider the enhanced fluctuation rate seen
in its reference system by a particle moving along the field line, when an
additional (i.e. transverse) fluctuation process is introduced besides the
longitudinal one (M. B. Isichenko, 1993 personal communication).

Shear alters the picture of the background two-dimensional magnetic
diffusion presented in §4 in two ways: first through a systematic, deterministic
flow included as a drift term in the equations, and secondly through the
nonlinearity related to the Lagrangian character of the correlations. The former
couples to the diffusion process and leads to the well-known Hirschman-
Molving term with a t3 dependence (Hirschman & Molving 1979). We should
stress that its derivation is here related to the Euler-Lagrange equations (5.40),
i.e. it appears in the yy propagator of the motion unperturbed by the
inhomogeneity of the diffusion. The other effect of the shear is to induce non-
diffusive (higher-order in t) contributions to the background diffusive spreading
of the magnetic lines. Without explicit summation of this series of terms, it is
difficult to estimate the range of validity of the approximation deduced in §5.
However, the small coefficients (which contain higher powers of the very small
quantity F) suggest that the series converges and that (5.49)-(5.51) are not
asymptotic representations.

Using these equations, we can derive an approximate form for the two-
dimensional distribution function p(x, y) that reproduces the density of points
of intersection of an ensemble of turbulent magnetic field lines with a plane
perpendicular to the z direction. As expected from intuitive physical arguments,
an isoline of p(x,y) has the shape of an ellipse rotated from the y axis through
an angle a. At lowest order in the small parameter 6 in (5.49)-(5.51), this is
given by

The semi-axes of this ellipse evolve in time in a manner that, at first order, is
self-similar. To estimate the magnitude of the terms of higher order in z (or t)
appearing in (5.49)-(5.51), we must return to dimensional variables. We give
below the expression only for the dispersion in the x direction:
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ifr (62)

It is easy to see that the first term represents the diffusion obtained also in §4,
but corrected with higher orders in powers of R. The ratio between the first-
order term and the diffusive term can be written as

The magnitude of this contribution can be significant even in devices with
strong confinement field.

6.2. Technical aspects of the application of the functional formalism to magnetic
turbulence

As in previous work, the applications developed above show that the functional
approach to plasma turbulence has a basic structure of very general character.
For the particular cases considered here, some comments are required in order
to underline the assumptions and approximations adopted in the calculations.

The basic physical input is the correlation of the fluctuating parameter
('noise')- While it is computationally convenient to simply assume (when
possible) a 'white-noise' correlation, even this problem can be complicated by
the dependence of the local diffusion coefficient!) on spatial position. As shown
in §5, the mere presence of shear induces a spatial dependence of the local
diffusivity. This introduces a nonlinearity (i.e. a non-quadratic form of the
Lagrangian) that in general cannot be removed by a change of variables and
requires a perturbative treatment using Feynman diagrams. For magnetic
turbulence, a spatial dependence of D can also arise from the inhomogeneous
stochastization of the magnetic surfaces between two chains of magnetic islands
or from the ergodic magnetic limiter. Empirical models for the spatial
dependence of D, based on intuitive or qualitative arguments, can be useful.

In the particular case of turbulence of the magnetic lines, the necessity to use
Lagrangian correlations of the noise introduces a finite width of the integrand
of the double time integration in (4.3) and (5.3) instead of a delta function.
However, the small effective support in t of the correlation suggests the
expansion of k(t') in a Taylor series in t — t'. The approximation of neglecting
terms of second and higher order is, of course, equivalent to a poorer local
representation of the function k(t), which physically means neglect of possible
rapid space variations, i.e. a local smoothing of k(t). We could expect to find an
influence of this approximation on the precision of the identification of the
current trajectory x(t), in view of (3.3)-(3.5). However, the solution of the
unperturbed Euler-Lagrange system corresponds to the result expected on
physical grounds. The transformation of the t' integration into two identical T
integrations in (4.17) and (5.22) is based on the symmetry of the correlation,
which is exploited by passing to the variable r = \t —1'\ in the two intervals.
This is possible for all t and t' with the exception of regions of order T/~! near
Tmin (= 0) and Tmax (= T) of both variables. These regions modify the result of
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(4.18) and (5.22) by a small quantity (of relative magnitude r/~*/T <^ 1) that
cannot alter the determination of the extremizing trajectory or quantitatively
modify the stationary action in (4.22) and (5.33).

An important problem is the determination of the propagators appearing in
(3.23), (3.24), (4.26) and (5.41). The systems of equations for the simple cases
investigated above can be solved by straightforward integration. This leads to
'retarded' and 'advanced' propagators, but in general their expressions are
obtained through solution of the first-order differential equation derived by the
substitution of (3.18) into (3.11) and (3.12). (For detailed calculation of the
propagators in a general case see Crew & Chang (1988).)

A final technical remark concerns the possibility of treating the diffusion
term as well as other quadratic nonlinearities occurring in the deterministic flow
(like the shear term) as a perturbation of the free motion using the same
formalism. The correlation calculated in this model reproduce the propagators
determined above, since the series of Feynman diagrams is actually finite and
can be summed. A detailed analysis of plasma transport in stochastic magnetic
fields is given in the fundamental paper of Krommes, Oberman & Kleva (1983).
On the basis of a careful identification of the space and time correlations, they
reveal the existence of various regimes of transport. In the present application
of the fundamental method we have limited ourselves to the asymptotic (large-
z) regime. It would be an interesting problem to incorporate other regimes into
this functional framework.

7. Conclusions
We have proposed a functional formalism for the study of statistical

ensembles of magnetic field lines. This procedure allows us to derive
quantitative results on the large-scale behaviour of bundles of fluctuating
magnetic lines, starting from information concerning the local primitive
random process (e.g. micro-tearing instabilities). The method described above
can be generalized advantageously, and is particularly useful when the local
characteristics change in space owing to some specific inhomogeneity of the
turbulence.

Many other applications of the functional method are possible: in the theory
of electrostatic plasma instabilities, determination of diffusion coefficients in
stochastic phase-space regions of dynamical systems or of iterated maps,
computation of the distribution function for plasma heating at various
resonances, etc.
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